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Abstract 

We introduce enumerative invariants of real del Pezzo surfaces that count 
real rational curves belonging to a given divisor class, passing through a 
generic conjugation-invariant configuration of points and satisfying preas¬ 
signed tangency conditions to given smooth arcs centered at the hxed points. 
The counted curves are equipped with Welschinger-type signs. We prove that 
such a count does not depend neither on the choice of the point-arc configu¬ 
ration, nor on the variation of the ambient real surface. These invariants can 
be regarded as a real counterpart of (complex) descendant invariants. 


Introduction 

Welschinger invariants of real rational symplectic manifolds [191 EHl Ell EH] serve as 
genus zero open Gromov-Witten invariants. In dimension four and in the algebraic- 
geometric setting, they are well-defined for real del Pezzo surfaces (cf. [H]), and 
they count real rational curves in a given divisor class passing through a generic 
conjugation-invariant configuration of points, and equipped with weights ±1. An 
important outcome of Welschinger’s theory is that, whenever Welschinger invariant 
does not vanish, there exists a real rational curve of a given divisor class matching 
an appropriate number of arbitrary generic conjugation-invariant constraints. 

There are several extensions of the original Welschinger invariants: modifica¬ 
tions for multi-component real del Pezzo surfaces nnun], mixed and relative in¬ 
variants [nuniEg, invariants of positive genus for multi-component real del Pezzo 
surfaces [T7] and for 1 > 1) [5l |6]. The goal of this paper is to introduce 

Welschinger-type invariants for real del Pezzo surfaces, which count real rational 
curves passing through some hxed points and tangent to hxed smooth arcs centered 
at the hxed points. They can be viewed as a real counterpart of certain descendant 
invariants (cf. [7]). 

The main result of this note is Theorem [T] in Section [H which states the 
existence of invariants independent of the choice of constraints and of the variation 
of the surface. Our approach in general is similar to that in m, and it consists in 
the study of codimension one bifurcations of the set of curves subject to imposed 
constraints when one varies either the constraints, or the real and complex structure 
of the surface. In Section 01 we show a few simple examples. The computational 
aspect and quantitative properties of the invariants will be treated in a forthcoming 
paper. 
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1 Invariants 


Let X be a real del Pezzo surface with a nonempty real point set MX, and F C MX 
a connected component. Pick a conjugation-invariant class ip G H 2 {X \ F;Z/2). 
Denote by Pic*(X) C Pic(X) the subgroup of real effective divisor classes. Pick a 
non-zero class D G Pic®(X), which is F-compatible in the sense of [121 Section 5.3]. 
Observe that any real rational (irreducible) curve C E \D\ has a one-dimensional 
real branch (see, for example, m Section 1.2]), and hence we can dehne 0_|_,C'_, 
the images of the components of \ MP^ by the normalization map. 

Given a smooth (complex) algebraic variety S, a point z E T,, and a positive 
integer s, the space of s-arcs in S at z is 

ArCs(S, 2 ;) = Hom(SpecC[f]/(f®’''^), (S, 2 ;))/Aut(C[f]/(f^''“^)) . 

Denote by Arc®™(S, 2 ;) C ArCs(S, 2 ;) the (open) subset consisting of smooth s-arcs, 
i.e., of those which are represented by an embedding (C, 0) —)■ (S, z). 

Choose two collections of positive integers k = {ki, l<i<r} and I = 
1 < i < where r, m > 0 and 

r m 

Y,ki + 2Y,l, = -DKx-l , (1) 

i=l j=l 

and all ki,...,kr are odd. Pick distinct points zi,...,Zr E F and real arcs G 
ArdjF^X, Zi), I < i < r, and also distinct points wi,...,Wm G X \ MX and arcs 
(3j E Arc®™(X, iCj). Denote z = (zi, ...,Zr), w = {wi,Wi, ...,Wm,Wm,) and 

^ = (ai,..., Or) E n Arc"fc“(X, Zi) , (2) 

2=1 

m 

B = 6 n {Arcr”(V,«,,) X Arc?;’(X,®,)) . (3) 

1 = 1 

In the moduli space Alo,r+ 2 m(-A, D) of stable maps of rational curves with r -|- 2m 
marked points, we consider the subset M.o^r+ 2 m{X , D, {k, Z), (z, w), {A, B)) consist¬ 
ing of the elements [n : P^ X,p], p = {pi, ...,pr,qi, ...,qm,q[, ^ such 

that 

r m 

n* {\JAU\JB) >J2 kiPr + X! + ^j) ■ 

i=i j=i 

Let (k, 1), {Z, w), (^, B)) C Mo,r+ 2 m{X, D, {k, 1), (z, w), (^, B)) be 

the set of elements [n : P^ —)■ X, p] such that n is a conjugation invariant immersion, 
the points pi, ...,Pr G P^ are real, and qj, g' G P^ are complex conjugate, j = 1,..., m. 
For a generic choice of point sequences z and w, and arc sequences A and B in the 
arc spaces indicated in ([2]) and ([3]), the set ^^ 2 m{X,D,{kA).{z,w),{A,B)) is 
hnite (cf. Proposition |8](1) below). 

Given an element ^ = [n : P^ —)■ X, p] G D, (fc, Z), (z, w), {A, B)), 

denote C = n(P^) and dehne the Welschinger sign of ^ by (cf. [HI Formula (1)]) 

= (-lf+oC-+c+o^ _ 
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Notice that, if C is nodal, then C+ o C- has the same parity as the number of real 
solitary nodes of C (i.e. nodes locally equivalent to + y'^ = 0). 

Finally, put 

W{X,D,F,^,ik,l),iz,w),iA,B))= (4) 

Theorem 1 (1) Let X be a real del Pezzo surface with MX 7 ^ 0, F C MX a con¬ 
nected component, ip E H 2 {X \ F,Z/2) a conjugation-invariant class, D E Pic*(X) 
a nef and big, F-compatible divisor class, k = (/ci,..., k^) a (possibly empty) seguence 
of positive odd integers such that 

max{fci,..., kr} < 3 , (5) 

and I = a (possibly empty) seguence of positive integers satisfying (QP, 

z = {zi,...,Zr) a seguence of distinct points of F, w = (wi, ...,Wm,wi, a 

seguence of distinct points o/X\MX, and, at last. A, B are arc seguences as in 

Then the number W (X, D, F, p, {k, 1), (z, w), {A, B)) does not depend neither 
on the choice of generic point configuration z, w, nor on the choice of arc seguences 
A, B subject to conditions indicated above. 

(2) If tuples (X, D, F, p) and (X', D', F', p') are deformation eguivalent so that 
X and X' are joined by a flat family of real smooth rational surfaces, then we have 
(omitting {z,w) and {A,B) in the notation) 

fF(X, D, F, p, {k, 1)) = 1T(X', D) F', p) {k, 1)) . 

Remark 1 (1) If ki = Ij = 1 for all 1 < i < r, 1 < j < m, then we obtain original 
Welschinger invariants in their modified form m. and hence the reguired statement 
follows from un Proposition 4 and Theorem 6], This, in particular, yields that we 
have to consider the only case —DKx — 1 > 3. 

(2) In general, one cannot impose even tangency conditions at real points 
zi,...,Zr. Indeed, suppose that r > 1 and ki = 2s is even. Suppose that 
—DKx — 1 > 2s and Pa{D) = + DKx)(2. + 1 > s. In the linear system 

\D\, the curves, which intersect the arc Ai at zi with multiplicity > s and have at 
least s nodes, form a subfamily of codimension 3s. On the other hand, the family of 
curves having singularity A 2 S at Zi and (s — 1) additional infinitely near to zi points 
lying on the arc ai, has codimension 3s + 1 and it lies in the boundary of the former 
family. Over the reals, this wall-crossing results in the change of the Welschinger 
sign of the curve that undergoes the corresponding bifurcation. Indeed, take local 
coordinates x,y such that Zi = (0,0) and ai = {y = 0}, and consider the family of 
curves 

y = X = et -I -\-1^, e E (M, 0) . 

For £ = 0, the curve has singularity A 2 S at zi, and its next (s — 1) infinitely near 
to zi points belong to ai. In turn, for s 0, the node, corresponding to the values 
t = is solitary as £ > 0 and non-solitary as £ < 0, whereas the remaining 

(s — 1) nodes stay imaginary or solitary. 

Conjecture 1 TheoremU\is valid without restriction W- 
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The proof of Theorem [T] in general follows the lines of [TT] , where we verify 
the constancy of the introdnced ennmerative nnmbers in one-dimensional families of 
constraints and families of surfaces. The former verihcation requires a classihcation 
of codimension one degenerations of the curves in count, while the latter verihcation 
is based on a suitable analogue of the Abramovich-Bertram-Vakil formula [H ITB] . 
Restriction (j5]) results from the lack of our understanding of non-reduced degenera¬ 
tions of the counted curves. 


2 Degeneration and deformation of curves on 
complex rational surfaces 

2.1 Auxiliary miscellanies 

(1) Tropical limit. For the reader’s convenience, we shortly remind what is the 

tropical limit in the sense of [T6l Section 2.3], which will be used below. In the 
held of complex Puiseux series we consider the non-Archimedean valuation 

val(X]a Cat“) = — min{a : 7 ^ 0}. Given a polynomial (or a power series) F{x, y) = 

Y.{i,j)eACijX^y^ over C{{f}} with Newton polygon A, its tropical limit consists of 
the following data: 

• a convex piece-wise linear function Np : A —)■ M, whose graph is the lower 
part of the polytope Conv{(z, j, —val(cij)) : {i,j) G A}, the subdivision Sp 
of A into linearity domains of Np, and the tropical curve Tp, the closure of 
val(F = 0); 

• limit polynomials (power series) FF{x,y) = J2ii,j)e5 y dehned for any 

face 6 of the subdivision Sp, where + for all {i,j) G A. 

(2) Rational curves with Newton triangles. 

Lemma 2 (1) For any integer k > 1, there are exactly k polynomials F{x,y) = 
Yji^j CijX'^y^ with Newton triangle T = Conv{(0, 0), (0, 2), (fc, 1)}, whose coefficients 
Cqoj Coi, C 02 , Cii are given generic non-zero constants and which define plane ratio¬ 
nal curves. Furthermore, in the space of polynomials with Newton triangle T, the 
family of polynomials defining rational curves intersects transversally with the lin¬ 
ear subspace given by assigning generic nonzero constant values to the coefficients 
cqO) cqi, C 02 , Cii. If the coefficients coo; cqi, C 02 , cn are real, then, 

• for an odd k, there is an odd number of real polynomials F defining rational 
curves, and each of these curves has an even number of real solitary nodes, 

• for an even k there exists an even number (possibly zero) of polynomials F 
defining rational curves, and half of these curves have an odd number of real 
solitary nodes while the other half an even number of real solitary nodes. 

(2) For any integer k > 1, there are exactly k polynomials F{x, y) = Yjij 
with Newton triangle T = Conv{(0, 0), (0, 2), (A:, 1)}, whose coefficients coo,co 2 ,cii 
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are given generic non-zero constants, the coefficient Ck-i,i vanishes, and which define 
plane rational curves. Furthermore, in the space of polynomials with Newton triangle 
T and vanishing coefficient Ck-i,i, the family of polynomials defining rational curves 
intersects transversally with the linear subspace given by assigning generic nonzero 
constant values to the coefficients Cqo, C 02 , Cn. If the coefficients Cqo, C 02 , Cn are real, 
then. 


• for an odd k, there is a unigue real polynomial F defining a rational curve, 
and this curve either has k — 1 real solitary nodes, or has no real nodes at all, 

• for an even k, either there are no real polynomials defining rational curves, or 
there are two real polynomials, one defining a rational curve with k — 1 real 
solitary nodes, and the other defining a rational curve without real solitary 
nodes. 

Proof. Both statements can easily be derived from HSl Lemma 3.9]. ■ 

(3) Deformations of singular curve germs. Our key tool in the estimation of 
dimension of families of curves will be [9l Theorem 2] (see also [H Lemma 11.2.18]). 
For the reader’s convenience, we remind it here. Let C* be a reduced curve on a 
smooth surface S, and z E C. By mt(0, z) we denote we denote the intersection 
multiplicity at 2 ; of O with a generic smooth curve on S passing through z, by S{C, z) 
the h-invariant, and by br(0, z) the number of irreducible components of (C, z). 

Lemma 3 Let Ct, t G (C, 0), be a fiat family of reduced curves on a smooth surface 
S, and Zt G Ct, t G (C, 0), a section such that the family of germs {Ct, zt), t E (C, 0), 
is eguisingular. Denote by U a neighborhood of Zq in E, and by {C ■ C')u the total 
intersection number of curves C, C in U. The following lower bounds hold: 

(i) (Co • Ct)u > mt(Co, ^o) - br(Co, Zq) + 25{Cq, Zq) for t E (C, 0); 

(a) If L is a smooth curve passing through zq = Zt, t E (C,0), and {Ct ■ = 

const, then 

(Co • Ct)u ^ (Co • L)zq + mt(Co, zq) — br(Co, ^o) + 2(5(Co, zq) 
fortE (C,0). 

(Hi) If L is a smooth curve containing the family Zt, t G (C, 0), and {Ct ■ L)zt = 
const, then 


(Co • Ct)u ^ (Co • L)zq — br(Co, zq) + 2S{Co, zq) 


fortE (C,0). 


Let x,y E (C, 0) be local coordinates in a neighborhood of a point z ina. smooth 
projective surface E. Let L = {y = 0}, and {C,z) C (E,^;) a reduced, irreducible 
curve germ such that {C ■ L)z = s > 1. Denote by C the maximal ideal and 


introduce the ideal I^’l = {g E m-z : ordg > s}. The semiuniversal deformation 


L^z 
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base of the germ (C, z) in the space of germs (C', z) subject to condition (C'-L)^ > s 
can be identihed with the germ at zero of the space 


Bc,z{,L, s) 




Zi 


d± 

dy 





where / G Oy.,z locally dehned the germ {C^z) (cf. [SI Corollary II.1.17]). 


Lemma 4 (1) The stratum Bq^{L,s) C Bc,ziL,s) parameterizing equigeneric de¬ 
formations of (C, z) is smooth of codimension 5{C, z) and its tangent space is 


ToBSJL,s) 




Z’) 


dy 



( 6 ) 


where 



{g e Oe,z 



>s-h2d(C,z)} . 


(2) If S, {C,z), and L are real, and s is odd, then a generic member of 
B^^{L, s) is smooth at z and has only imaginary and real solitary nodes; the number 
of solitary nodes is d(C, z) mod 2. 


Proof. (1) In [131 Lemma 13], we proved a similar statement for the case 
s = 2 and (C, z) of type A 2 k, h > 1, and we worked with equations. Here we settle 
the general case, and we work with parameterizations. First, observe that a general 
member of Bq^{L, s) has S{C, z) nodes as its singularities and is smooth at 2 ;. Thus, 
codimjL,sB^,,{L, s) = 6{C,z), the tangent space to B^,,{L,s) at its generic point 
C is formed by the elements g G Oe,z, which vanish at the nodes of C and whose 
restriction to (L, z) has order s. Clearly, the limits of these tangent spaces as C' —?■ 
{C,z) contain the space Icfz/ify if^ 2 ; if-^s,z)- other hand, dimJ^’^//^’^ = 

6{C, z) (see, for example, [I5l Lemma 6 ]). Let us show the smoothness of Bq,,{L, s). 
Notice that the germ (C, z) admits a uniquely dehned parametrization x = B, 
y = (fit), t G (C,0), where <p(0) = 0, and each element C G B^,,{L,s) admits 
a unique parametrization x = B, y = (pit) + where m = d\mB'^,,{L,s), 

Oi, ..., Om G (C, 0). Choose m distinct generic values fi, ..., tm G (C, 0) \ {0} and take 
the germs of the lines Li = {(f®, y) : y E (C, ip{ti)}, i = I, ..., m. It follows that the 
stratum Bq^{L, s) is diffeomorphic to WffLi Lp hence the smoothness and ([6]). 

(2) The second statement follows from the observation that the equation tf = 
has no real solutions 7 ^ ^ 2 - ® 


Let C S be two distinct immersed rational curves, 2 ; G C'(i) n a 

smooth point of both and and H4 C S a sufficiently small neighborhood 
of 2 ;. Denote by H C the germ at U of the family of curves, 

whose total ^-invariant in S \ f/ coincides with that of C'H U 


Lemma 5 (1) The germ V is smooth of dimension 

c = . c'(2))^ _ _ c^‘i)KE - 2 , 

and its tangent space isomorphically projects onto the space Oe,zIIz, where 


Iz = {f E Oe,z ■ ord/ 


(C«,2) 


> - C^^Ke - 1 , ^ = 1 , 2 } . 


6 




(2) Let /i,/c,/c+i, ... he a basis of the tangent space to at 

U such that fi,...,fc project to a basis of Oy,,zIIz, and fj G h, j > c, 
satisfy 


ord/c+i 


{CW,z) 


(Cd) . c( 2 ))^ _ - 1 , 


oidfj 


{CW,z) 




j > c+1 , 


and let 


^tifi + ^ = (^1’ e (C^O) , 

i=l j>c 


be a parametrization ofV, where C'd)uC^^^ corresponds to the origin, and aj, j > c, 
are analytic functions vanishing at zero. Then 


dac+i 

dti 


( 0)^0 


for alll <i < c with ord/j 


{CW,z) 


< (C'd).C'(2))^-C'd);^^_2 . 


(7) 


Proof. Let z/d) : be the normalization, pi = i = 1, 2. 

Note that by Riemann-Roch 

h\¥\Af^r\-{-C^^^K^-l)p,)) = 0, k = 0,1, 1 = 1,2, 


where A/” denotes the normal bundle of the corresponding map, and observe that 
the codimension of in (9 e,z equals c. The first statement of lemma follows. 

For the second statement, we note that a generic irreducible element C E V 
satisfies 


{c ■ • C(2))J 

+ 2 ) = - 2 . ( 8 ) 

Next, we choose i G {1,..., c} as in ([7]) and take C eV given by the parameter values 
ti = t, tj = t^ with some s > 1 for all j E {1,..., c} \ {i}. Then, if Oc+i = 0(t"^) with 
m > 1, one encounters at least (Cd) ■ C^))^ — — 1 intersection points of C 

and Cd) in W^. Thus, ([7]) follows. ■ 


(4) Geometry of arc spaces. Let S be a smooth projective surface. Given an 
integer s > 0, denote by Arc 5 (S) the vector bundle of s-arcs over S and by Arc^™(S) 
the bundle of smooth s-arcs over S (particularly, Arco(Ll) = ArcQ™(S) = S). For 
any smooth curve G C S, we have a natural map arc^ : C —?■ Arc®™(S), sending a 
point G G to the s-arc at z dehned by the germ {C,z). The following statement 
immediately follows from basic properties of ordinary analytic differential equations: 

Lemma 6 Let s > 1, U a neighborhood of a point z E T,, and a a smooth section 
of the natural projection pr^ : Arcf^^U) -E- Arc®™;^(G). Then there exists a smooth 
analytic curve A passing through z, defined in a neighborhood V <Z U of z, and such 
that arc,(A) C a(Arc^”i(l/)). 
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Now, let S be a smooth rational surface, n : —)■ S an immersion, C = 

n(P^) G \D\, where —DK^, = k > 0. Pick a point p G P^ such that 2 ; = n{p) is 
a smooth point of C. Denote hy U G ArcA:-i(S) the natural image of the germ of 
D) at [n : P^ —)■ S,p]. Choose coordinates x,y in a. neighborhood of 2; so 
that 2 ; = (0,0), C = {y + = 0}, and introduce two one-parameter subfamilies 

A' = (z(, a()te(c,o) and A" = (z", a")te(C,o) of ArCfc-i(S): 

z[ = {t,0), a[ = {y = {x-tY}, z" = {0,0), a” = {y = tx^-^}, t G (C, 0 ) , 

where I > k. 

Lemma 7 The germ U is smooth of codimension one in Arcfc_i(S), and it transver- 
sally intersects both A' and A". 

Proof. It follows from Riemann-Roch and from Lemma [3](iii) that V admits 
the following parametrization: 

((xo, 2/0), {y = yo + ai(x - Xo) + ... -h ak-2(x - xo)^~^ + (p(xo, yo,a){x - , 

dip 

Xo,2/o,ai, ...,afc-2 e (C, 0 ), a = {ai,..., ak-2), (^( 0 ) = 0 , ^(0)7^0. 

OXq 

Thus, R is a smooth hypersurface. The required intersection transversality results 
from a routine computation. ■ 


2.2 Families of curves and arcs on arbitrary del Pezzo sur¬ 
faces 

Let S be a smooth del Pezzo surface of degree 1, and D G Pic(S) be an effec¬ 
tive divisor such that —DLLs — 1 > 0. Fix positive integers n < —DK^, — 1 and 
s ^ —DR's — 1. Denote by TT C TT the complement of the diagonals and by 
ArCs(E"') the total space of the restriction to TT of the bundle (ArCs(S))”' —)■ S”. In 
this section, we stratify the space Arc 5 (E”) with respect to the intersection of arcs 
with rational curves in \D\, and we describe all strata of codimension zero and one. 

Introduce the following spaces of curves: given {z,A) G Arc<j(E"'), 2 : = 
{zi,...,Zn), A = {ai, ...,an), and a sequence s = (si,...,s„) G ITfo summing up 
to |s| < s, put 

Mo^n{T^,D,s,z,A) = {[n : P^ S,p] G Afo,n(E,D) : 

n{Pi) = Zi, n*{af) > SiPi, i = 1 ,..., n} , 

MXn{^,D,s,z,A) = {[n:¥^ ^T.,p]^Mo,n{'T,D,s,z,A) : 

n is birational onto its image} , 

M^f%{T,D,s,z,A) = {[n-.¥^^T,p]eMXn{^,D,s,z,A) : 

n is an immersion} , 



M^o7'\^^D,s,z,A) = {[n:F^^E,p]eM7{J:,D,s,z,A) 

n is singular in \ p and smooth at p} , 

M77\^,D,s,z,A) = {[n:F^^E,p]eM7{E,D,s,z,A) : 

n is singular at some point p* G p} . 

We shall consider the following strata in Arc®“(E”): 

(i) The subset C Arc®™(S") is dehned by the following conditions: 

For any sequence s = (si,...,s„) G summing up to |s| < s and for any 
element {z,A) G U^'^{D), where 2 = {zi,...,Zn) G E”, A = (ai, 
ccj G ArCs(E, 2 i), the family ATo,n(E,-D, s, 2 , is empty if |s| > —DKy., and 
is hnite if l-sl = —DKy, — 1. Furthermore, in the latter case, all elements 
[n : P^ —)■ E,p] G Aio^n{T,, D, s, z, A) are represented by immersions n : P^ —> 
E such that n*{ai) = SiPi, 1 < i < n. 

(ii) The subset U^{D) C Arc®™(E") is dehned by the following condition: 

For any element {z,A) G U^{D), there exists s G Z^g with |s| > —DK^ 
such that ATg™ (E, D, s, 2 , A) 7 ^ 0. 

(iii) The subset U7^{D) C Arc®“(S"') is dehned by the following condition: 

For any element (z,A) G U!^{D), there exists s G Z”g with |s| = —DKy, — 1 
such that ATg*"^’^(E, D, s, 2 , A) 7 ^ 0. 

(iv) The subset U7^{D) C Arc®“(E”) is dehned by the following condition: 

For any element ( 2 , A) G 1 / 2 "'^{D), there exists s G Z"q with |s| = —DK^ — 1 
such that ATg*^^’^(E, D, s, 2 , A) 7 ^ 0. 

(v) The subset U^^{D) C Arc®“(E”) is dehned by the following condition: 

For any element {z,A) G there exists s G Z"q with |s| = —DK^, — 1 

and [n : P^ —)■ E,p] G Aio^niJ^, D, s, z, A) such that n is a multiple cover of 
its image. 

Proposition 8 (1) The set U^”^{D) is Zariski open and dense in ArCg™(E”). 

(2) IfU C U^{D) is a component of codimension one in Arc®™(E"), then, for 
a generic element (z,A) G U and any sequence s G Z”g with |s| = —DKy,, the set 

D, s, z, A) is either empty or finite, and all of its elements [n : P^ —)■ E,p] 
are presented by immersions and satisfy n*{zi) = SiPi, i = 1, 

(3) IfU C Ui"'^{D) is a component of codimension one in Arc®™(E"'), then, for 
a generic element ( 2 , A) E U and any sequence s G Z”q with |s| = —DKy —I, the set 

D, s, z, A) is either empty or finite, whose all elements [n : P^ —)■ E,p] 
satisfy n*{zi) = SiPi, f = 1, 

(4) IfU C U7^{D) is a component of codimension one m Arc®™(E"), then, for 
a generic element ( 2 , A) E U and any sequence s E Z”q with |s| = —DKy —I, the set 
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D, s, z, A) is either empty or finite, whose all elements [n : —)■ S,p] 

satisfy n*{zi) = SiPi, i = I, 

(5) If U G U^^{D) is a component of codimension one in Arc®™(E”), then, 
for a generic element {z,A) G U and any sequence s G with |s| = —DKy. — 1, 
the following holds: Each element [n : P^ —)■ E,p] G Aio^niZ, D, s, z, A) satisfying 
C = n(P^) G \D'\, where D = kD', k >2, admits a factorization 

n : pi ^ pi ^ C" S 


with p a k-multiple ramified covering, v the normalization, p' = 
has 


; pi ^ S, p’] G A/lo,n(S, D', s', z, A) , 


where |s'| = —D'K^,, and all branches v 


are smooth. 


A 


pijp), for which one 


Proof. (1) A general element of [n : pi ^ Z,p] G A^o,n(S,-D) is represented 
by an immersion sending p to n distinct points of S (cf. [HI Lemma 9]). Let 
{z,A) G Arc®“(E”), and a sequence s = (si, ...,Sn) G satisfy |s| = —DK^ — 1. 
The fiber of the map arCs : Afo,n(E,-D) nr=i ^i'Cs^i(^)) sending an element 
[n : pi —)■ E,p] to the collection of arcs defined by the branches n|pi p., is either 
empty, or finite. Indeed, otherwise, by Lemma [3jii), we would get a contradiction: 


£)2 > p 2 ^ + 2) + \s\= + 1> . 


On the other hand. 


dim Afo,n(E, D) = dim Arc®^i(E) = —DKy. — 1+n, 

i=\ 

and hence the map arc^ is dominant. It follows, that, for a generic element 
{z,A) G Arc®™(E"') and any sequence s G Z>q such that |s| < s, one has: 
M'ff{'E,D,s,z,A) is empty if |s > —DK^,, and D, s, z, A) is finite non¬ 

empty if |s| = —DK-£ — 1. The same argument proves Claims (2) and (3) together 
with the fact that and have positive codimension in Arc®™(S"). 

Next, we will show that the sets and U^'^{D) have positive codimen¬ 

sion in Arc®™(E”^), thereby completing the proof of Claim (1), and will prove Claims 
(4) and (5). 

(2) To proceed further, we introduce additional notations. Let 
/ : (C, 0) —)■ (C, z) ^ (E, z) be the normalization of a reduced, irreducible curve 
germ {C,z), and let mo, mi ,... be the multiplicities of (C,z) and of its subsequent 
strict transforms under blow-ups. We call this (infinite) sequence the multiplicity 
sequence of / : (C, 0) E and denote it m{f). Note that, if 2:0 = ^ and the in¬ 
finitely near points Zi ,..., Zj, 0 < j < s, of (C, z) belong to an arc from Arc®™(E, z), 
then mo = ... = mj^i (see, for instance, [21 Chapter III]). Such sequences mo, ...,mj 
will be called smooth sequences. Given smooth sequences m* = (moi, ...,mj(i)^i) such 
that \mi\ := Jfimu < s, i = l,...,n, denote by M.o,niZ, D,\mi}f^i) ^^e family of 
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elements [n : ^ ^,p] ^ -^o,n(S, D) such that n is birational onto its image, and 

m(n|pi^pj contains ruj for every i = I, Put 

Arc™(S"',-D, = {( 2 , G Arc®™(S"') : there exists 

[n : S,p] e Ado,n(S, A>, 


such that n{p) = z and n*{ai) > \mi\pi, i = 1, ...,n} 


(3) We now prove Claim (4) together with the fact that U 2 '^^{D) has positive 
codimension in Arc®™(E”'). 

Let (z, A) be a generic element of a top-dimensional component U C 
a sequence s e Z”q satisfy |s| = —DKy, — 1, and [n : P^ — )■ S,p] G 
D, s, z, A) have singular branches among n|pip., i = Let ruj = 

(ruoi,be a smooth multiplicity sequence of the branch n|pi p. such that 
l^il > Si- Denote by V the germ at [n : P^ —)■ S,p] of a top-dimensional com¬ 
ponent of A4o,n(S,-D, Without loss of generality, we can suppose that 


D, s, z, C A4o,n(S, D, and U C Arc^ (E", D, 

Note that [n : P^ —)■ E, p] is isolated in A4Qy„(E, D, s, z. A). Indeed, otherwise 
Lemma |3]^ii) would yield a contradiction: 


> (D2 + D/Ls + 2)+^(moi-l + |m,|) > {D^ + DKs + 2)+ \s\ =D^ + 1 > . 

i=l 


Next, we can suppose that mo* >2asl<i<r for some 1 < r < u, and that 
rrioi = 1 for r < i < n. 

Consider the case when |mj| = s* for all f = 1, We claim that then 


n 

dimV < E iii) + n + r -I . 

i=l 


( 9 ) 


If SO, we would get 

n 

dimf/ < ^(s — iii)) + n — r + dim V < n(s + 2) — 1 = dim Arc®™(E"') — 1 , 

i=l 

and the equality would yield in')*iz,A) = Ya=i = —DKj] — 1 for each element 
[n' : P^ —)■ E,p'] G D, s, z, A) with generic iz,A) G f/, as required in 

Claim (3). To prove ([9]), we show that the assumption 

n 

dim V >y^ j{i) + n + r (10) 

i=l 

leads to contradiction. Namely, we impose JAi=ijii) +n + r — 1 conditions, dehning 
a positive-dimensional subfamily of V containing [n : P^ ^ ^,p], and apply Lemma 
ini It is enough to consider the following situations: 


(a) 1 < r < n; 

(b) 1 < r = n, j(l) > 0 ; 
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(c) l = r = n, j(l) > 0, moi > 

(d) r = n, j(l) = ... =j{n) = 0; 

(e) 1 = r = n, j(l) > 0, moi = ... = 

In case (a), we fix the position of Zi and of the next j{i) inhnitely near points for 
i = 1, and the position of additional Yji=r+i jii) + n — r — 1 smooth points on 
C = n(P^), obtaining a positive-dimensional snbfamily of U and a contradiction by 
Lemma [31 

r n 

^2 > p2 2 ) + ^(moi - 1 + |mi|) '^j{i)+n-r-l 

2=1 i=r-\-l 

= D^ + j2imoi-l)>D\ 

2 = 1 

In case (b), we £x the position of z and of additional inhnitely near points: j(l) — 1 
points for Zi, and j{i) points for all 2 < i < n. These conditions dehne a positive¬ 
dimensional snbfamily of U, which implies a contradiction by Lemma jS) 

r 

D‘^ > {D^ + DKj: + 2)+ + + {moi-1)+ \mi\-mj(^i)^i 

2=2 

n 

i=2 

In case (c), the same construction similarly leads to a contradiction; 

> (£)^-|-£)/Ls-|-2)-1-(??7,oi—1 )+ ^ . 

0<k<j{l) 

In case (d), we £x the position of Zi, 1 < i < n, and of one more smooth point of 
C = n(P^). Thus, Lemma 131 applied to the obtained positive-dimensional family, 
yields a contradiction: 


> {D'^ + DKj^ + 2)+ y^{mQi — l) + ^ mo*-|-1 — ^ (mo* — 1) +1 > . 

2 = 1 l<2<r2 l<2<r2 

In case (e), relation (Bill reads dimV > j(l) -|- 2 = dim ArCj(i)(S). As noticed 
above, the map arcj(i) : V ArCj(i)(S) is hnite. Hence, dimV = j(l) -|- 2, and 
(due to the general choice of ^ = [n : —)■ E,p] G V) the germ (V,^) diffeo- 

morphically maps onto the germ of ArCj(i)(S) at 7r(^). Observe that the frag¬ 
ment (moi,..., mj(i)+i^i) of the multiplicity sequence of n|pi p is a smooth 

sequence. That means, the map of (V,.^) to ArCj(i)+i(S) dehnes a section a : 
(ArCj(i)(S), 7r(,^)) —)■ ArCj(i)+i(S), satisfying the hypotheses of Lemma [6l So, we 
take the curve A, dehned in Lemma [HI and apply Lemma [31(iii): 

> [D^ + DK-£ -|- 2) -|- (moi -|- ... -|- + mj(i)+i^i) — 1 

> {D^ + DK^ + 2) + \m,\=D‘^ + l> D\ 
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which completes the proof of ([9]). 

Consider the case when 1^*1 > —DKy, — 1 and show that then dimf/ < 
dim Arc®™(E") — 2. The preceding consideration reduces the problem to the case 

n n 

r = n and - mj(n),n <-DK^, - I <^\mi\ , 

i=l i=l 

in which we need to prove that 


n 

dim V < ^ j(i) + 2?7, — 2 . 

i=l 


( 11 ) 


We assume that 

n 

dim V > +2n- 1 

and derive a contradiction in the same manner as for ffTOj) 
several possibilities: 

(a) j{n) = 0; 

(b) j{n) > 0. 

In case (a), we £x the position of Zi and of the additional j{i) infinitely near points 
for all i = 1, ■■■,n — 1, thereby cutting off V a positive-dimensional subfamily, and 
hence by Lemma [3] we get a contradiction: 

n—1 

+ DKj] -|- 2) -|- i'ITT'Oi — 1 + l^il) + ^On ~ 1 
2 = 1 
n 

> {D^ + DK^ + 2)+Y,\mi\-l>D^ + l>D^. 

2=1 

In case (b), we again fix the position of Zi and of the additional j{i) infinitely 
near points for all i = I, ■■■,n — 1, thereby cutting off V a subfamily V' of dimen¬ 
sion > i{n) + 1. Consider the map arcj(„)_i : V —> ArCj(n)_i(E) and note that 
dim ArCj(„)_i(E) = j(?7,) -|- 1 < dim V'. If dim7r(V') < j(n), fixing the position of Zn 
and of j{n) — 1 additional infinitely near points, we obtain a positive-dimensional 
subfamily of V', and hence a contradiction by Lemma [31 

22 — 1 

> {D‘^ + DKj: -F 2) -F ^(moi - 1 + \mi\) + (mon - 1) -f |m„| - mj^n),n 

2=1 

n 

> {D^ + DK^ + 2) + ^ Im^l - 1 > + 1 > _ 

2=1 

If dim7r(V') = j{n) + 1, the preceding argument yields that dim V'= j(n)-|-1, 
and we can suppose that the germ of V at the initially chosen element 
^ = [n : —)■ S, p] G V is diffeomorphically mapped onto the germ of ArCj(„)_i(S) 
at arcj(„)_i(^). Thus, we obtain a section a : (ArCj(„)_i(S), 7r(^)) ArCj(„)(S) 
defined by the map (V',^) —?■ ArCj(„)(S). It satishes the hypotheses of Lemma [6l 


( 12 ) 

We shall separately treat 
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which allows one to construct a smooth curve A as in Lemma [6] and apply Lemma 
[3jiii): 


n—1 

+ DK-£ + 2) + — 1 + |mj|) + |m„| — 1 > + 1 > , 

i=l 


a contradiction. 

The proof of Claim (4) is completed. 

(4) It remains to consider the set Let {z,A) G s G 

satisfy |s| = —DKy, — 1, and [n : — )■ S, p] G A4o,n(S, D, s, z, A) be such that n is 

a fc-multiple (ramihed) covering of its image C = n(P^), k >2. We have C G \D'\, 
where kD' = D, and Ai^Ui) > s^p'^, p*{p'i) > kpi, where /js' > Sj for all i = I, 

Since k < k for all i = 1,..., n, it follows that 


i=i ^ 


-DKy 


= -D'Ky 


> 


-D'Ky 


This yields that U"^'{D) has positive codimension in Arc®™(E”'), and, furthermore, 
if not all branches u ^ ~ l,...,n, are smooth, the codimension of U^'{D) in 

i 

Arc®™(E”) is at least 2. The proof of Claim (4) and thereby of Claim (1) is completed. 


2.3 Families of curves and arcs on generic del Pezzo surfaces 

Let S be a smooth del Pezzo surface of degree 1 satisfying the following condition: 

(GDP) There are only finitely many effective divisor classes D G Pic(S) sat¬ 
isfying —DKy: = 1, and for any such divisor D, the linear system \D\ contains only 
hnitely many rational curves, all these rational curves are immersed, and any two 
curves Ci ^ among them intersect in G 1 C 2 distinct points. 

By HU Lemmas 9 and 10], these del Pezzo surfaces form an open dense subset 
in the space of del Pezzo surfaces of degree 1. 

Let us £x an effective divisor D G Pic(E) such that —DKy: — 1 > 3. 

Proposition 9 In the notation of Section \2A let (205.^0) be a generic element of a 
component U ofU'^'{D) having codimension one in Arc®“(E"'), a seguence s G 
satisfy |s| = —DKy: — 1? and [ng : P^ —)■ E,Pq] G Aio^n(J^, D, s, Zq, Aq) be such that 
ng covers its image with multiplicity k > 2 so that ng(P^) G \D'\, where D = kD', 
and riQ = u o p with 1 / : P^ —)■ C" the normalization, p : P^ —)■ P^ a k-fold ramified 
covering. Assume that {zt,At) G Arc®™(S"'), t G (C, 0), is the germ at (zg,.4.o) of a 
generic one-dimensional family such that (zt,At) ^ U^'{D) as t ^ 0, and assume 
that there exists a family [rit : P^ —?■ E,pJ G A4o,n(S, D, s, z*, .4,*) extending the 
element [ng : P^ —)■ E,Pq]. Then n = 3, k = 2, —D'Ky: = 3, s = (2,2,1), and 
[z/ : P^ —)■ G' E,Pq] G A4o,3(E, D', s', Zg, Afi), where p' = p{Po) and s' = (1,1,1). 
Furthermore, the family [rit : P^ —)■ Yi,pf\, t G (C, 0), is smooth and isomorphically 
projects onto the family {zt,At), t G (C, 0). 
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Proof. Note, first, that by the assumption (GDP) and Proposition [8](2, 5), the 
map no ; —)■ S is an immersion, and (in the notation of Proposition |8](5)) 

n 

u*{ai) = s'ip'i, i = = . (13) 

i=l 

Furthermore, if C = no(P^) G |-D'|, where D = kD\ then (-D')^ > 0, since the 
assumption —DKj] > 4 yields > 2 by the adjunction formula. Hence, in the 
deformation n^ : P^ —)■ S, f G (C.O), in a neighborhood of each singular point 2; of 
C", there appear singular points of Ct = n 4 (P^), t 7 ^ 0, with total 5-invariant at least 
k‘^6{C',z), which implies 

and hence 

2k + 2 

— D'Ky, > —;— or, equivalently, — D'Ky. > 3 . (15) 

k 

Let p*{j)'i) > hpi, * = 1, We can suppose that k > li > ... > Then 

n 

^ ks[ > -kD'K^ - 1 ^ ^(/, - l)s' > -{k - l)D'K^ - 1 . (16) 

i=\ i=l 

If /i < fc — 1 , then (fT5]) and (IT^ yield 

-{k-2)D'>-{k-l)D'Kj:-l -D'iPs < 1 , 

forbidden by flT5|l . and hence 

h = k . (17) 

By Riemann-Hurwitz, ~ ^ k — 1, and then it follows from flTHD that 

{k - l)(-D'iFs - (n - 1)) + {k-l)> -{k - l)D'Kj, - 1 , (18) 


D'Ky 


+ 1 


k'^iD'f + kD'Kj^ 

< ^ ^ ^ -^ + 1 , 


(14) 


or, equivalently 

(n-2)(fc-1) < 1 , (19) 

which in view of Riemann-Hurwitz and ffTTD - flT^ leaves the following options: 

• either n = 1 , 

• or n = 2 , s = (/c(—D'iPs — 1 ), {k — 1 )), 

• or n = 2 , s = (/csj, ks' 2 ), sj + 82 = —D'Ky^, 

• OT n = 3, s = (2(—D'iPs — 2), 2,1). 

Let us show that sj > 1 is not possible. Indeed, otherwise, in suitable local coordi¬ 

nates x,y in a. neighborhood of zi in S,, we would have zi = ( 0 , 0 ), C = {y = 0 }, 
no : (P^pi) —)> (S, 2 :i) acts by r G (C, 0) ~ (P^,pi) i-G- (r^,r), and we also may 
assume that the family of arcs ai^t is centered at zi and given hy y = cii(t)x’‘ 

with aj(0) 7 ^ 0, i > sj. Then n^ : (P^,pi^f) —(S, 2 ;i) can be expressed via 
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r G (C, 0) ~ (P\pi,i) I—)■ (r^ + tf{t,T),tg{t,T)), which contradicts the requirement 
> {ks[ — l)pi,t equivalently written as 

t ■ 9{t, 'r)=Yl ^)y inod , 

i>s'^ 

since the term as'^(0)r*^®i does not cancel out here in view of /c > 2. 

Thus, in view of ffTSj) . we are left with n = 3, k = 2, s' = (1,1,1), and 
s = (2,2,1). Without loss of generality, for {zt,At), t G (C, 0), we can choose the 
family consisting of two hxed points Zi^o, ^ 2,0 and hxed arcs <^ 2,0 (transversal to 
C), and of a point z^^r mowing along the germ A of a smooth curve transversally 
intersecting C at ^ 3,0 being a regular parameter on A). We then claim that the 
evaluation 

[rit : H- nt{pxt) = 2:3,r(p 

is one-to-one, completing the proof of Proposition |9l So, we establish the formulated 
claim arguing on the contrary: if some point z^^r, 7 ^ 0, has two preimages, then 

the curves Ci = nfj(P^), C 2 = intersect with total multiplicity > 5 at 

-^ 1 , 0 ,'^ 2 . 0 , 2 : 3 ,^, and intersect with multiplicity > 6{C',z) in a neighborhood of each 
point z G Sing(C"), which altogether leads to a contradiction: 

C 1 C 2 > 5 + 4{{D'f + D'K^ + 2) = 5 + D^-4 = D^ + l. ■ 

The compactification Alo,n(S, H, s, 2 , Al) of the space Ado,n(S, H, s, 2 , Al) is 
obtained by adding the elements [n : C ^ S,p], where 

• C is a tree formed by fc > 2 components isomorphic to P^; 

• the points of p are distinct but allowed to be at the nodes of C; 

• [n : (PbO G ATo,|cO')np|(^) 2 , Al), where we suppose that 

the integer vector ^ coordinates > 0 or = 0 according as 

Pi belongs to or not, j = 1,..., k] 

• Sj=i where Hbl ^ g, j = 1,..., k, and J2j=i = s. 

One can view this compactihcation as the image of the closure of Alo,n(S; D, s, 2 , A) 
in the moduli space of stable maps Ado,n(S, D) under the morphism, which contracts 
the components of the source curve that are mapped to points. Notice that in our 
compactihcation the source curves C may be not nodal, and the marked points may 
appear at intersection points of components of a (reducible) source curve. 

Introduce the set C Arc®™(S"') dehned by the following condition: 

For any element ( 2 , Al) G f/^®‘^(T)), there exists s G Z'^q with |s| > —DKy. — 1 such 
that ATo,n(S, D, s, 2 , A) \ Mo,niZ, D, s, 2 , A) 7 ^ 0. 

Proposition 10 The set has positive codimension in ArCg™(S”). Let 

( 2 ,AI) he a generic element of a component of U'''''^{D) having codimension one 
in Arc®™(E"'), and let {zt,At) G Arc®™(S"'), t G (C, 0), be a generic family which 
transversally intersects at (2o,Alo) = ( 2 ,Al). 
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(1) Given any vector s G such that |s| = —DKy, — 1, the set 

A^o,n(S,-D, s, 2 , \ A^o,n(S,-D, s, 2 , is either empty, or finite. Moreover, let 

[n : C S, p] G A^o,n(S, D, s, 2 , A) \ 7Wo,n(S, D, s, 2 , A) 

extend to a family 

[n^ : —)■ S, p^] G A^o,n(S 5 -D, s, 2 (p(,-), r G (C, 0) , (20) 

for some morphism ip : (C, 0) (C, 0). Then [n : (7 —)■ S,p] is as follows: 

(li) either C = U where ~ ~ ^ and 

• the map n : T. is an immersion and 2 nSing(C'*'-^^) = 0 forj = 1, 2, 

• Ipncw nc(2)| < 1, 

• [n : S,pnC(-^)] G j = 1,2, where 

D(i) + £)(2) = s(i) + s(2) = |5(i)| = |s(2)| = -D^‘^'^K^-1, 

and, moreover, (n lcO))*(^) = E?=i4^^Pi forj = 1,2; 

(Hi) or 77, = 1, 2 = 2 i G S, = «! G Arc®“(S, 2 ), p = pi ^ C, D = kD', where 
k >2 and —D'K^, > 3, and the following holds 

• C consists of few components having pi as a common point, and each of 
them is mapped onto the same immersed rational curve C G \D'\; 

• Zi is a smooth point of C, and (C ■ ai) = —D’K^.- 

(HU) or D = kD' + D", where k>2, —D'K^, > 2, D" C = C G ...GC", where 

• C' ~ P^, n : C" —)■ CX" ^ T, is an immersion, where C" G \D"\, 

• the components of C have a common point pi and are disjoint from 
P 2 ,...,Pn, and each of them is mapped onto the same immersed rational 
curve C' G \D'\, 

• Zi is a smooth point of C, and {C ■ ai) = —D'Kj^. 

(2) In case (H), 

• if pG n = 0, there is a unigue family of type and it is smooth, 
parameterized by t = t; 

• if n = {pi}, then there are precisely k = min{sx^\ s®} families of 
type and for each of them t = where d = gcd{s^\ sf^). 

Proof. If [n : C —S,p] G Aio^niT,, D, s, z, A) with a generic {z,A) G 
Arc^™(E"') and C consisting of tti > 1 components, then by Propositions |H] and [H] 
one obtains ?t 7 = 1 and n immersion. Hence, has positive codimension in 

Arc™(S"'). Suppose that {z,A) satishes the hypotheses of Proposition. Then the 
finiteness of Alo,n(E, D, s, z, A) \ Alo,n(E, D, s, z, A) and the asserted structure of 
its elements follows from Propositions [8] and HI provided we show that 
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(a) there are no two components C', C” of C snch that n{C') ^ 72 ( 6 "'), n*(C") G 
\D'\, n*(C'") e \D''\, and deg(n|g,)*^ > —D'K^,-, deg(n|g„)*^ > —D"Ky., 

(b) in cases (lii) and (liii) we have ineqnalities -D'K-^ > 3 and —D'K^, > 2 , 
respectively. 

The proof of Claim (a) can easily be rednced to the case when n\^, and n|g;„ are 
immersions, and deg(n|g;,)*ai = —D'Ky, = deg(n|g;„)*ai = —D"Ky,- However, 
in snch a case, the dimension and generality assnmptions yield that there exists 
the germ at C of the family of rational curves C” G \D''\, t G (C,0), such that 
(C" • C')y^ > —D''Ky, for some family of points yt G t G (C, 0), which 

together with Lemma [3](iii) implies a contradiction: 

{D"y > {{D"f + D"Kj^ + 2) + - 1) = + 1 • 

Claim (b) in the case (lii) follows from inequalities flTT)) and flT^ . In case (liii), we 
perform similar estimations. If the curves C and C" intersect at zi, then {C'-C'')z-^ = 
min{—H'iLs, —D"Ky, — 1 }, and we obtain 

{kP' + D"f + {kP' + D")K^ + 1 > ^D'f + D'Kj, ^ 

{k - l)(-D'iCs) + 2 (-D"JLe - 1) > 2k, if - P'Kj^ > -P''K^ - 1, 
{k + 1){-P'K^) > 2k, if - P'K^ < -P"K^ - 1 

^ -P'K^ > 2 . 

If the curves C and C" do not meet at Zi, then we obtain 

jkP' + P''f + jkP' + P'^)Kj: ,2 ( {D'y + D'K^ 

2 + -1^ y 2 + 

+k{P'P" - 1) + ^ 2 ^ ^ -D'K^ > 2 . 

Let us prove statement (2) of Proposition [101 If p H Cl = 0, then the 
(immersed) curves and intersect transversally and 

outside 2 , and the point z = Cl is mapped to a node of U \ z. 
Then the uniqueness of the family [n^ : Ct S,pj], t G (C, 0), and its smoothness 
follows from the standard properties of the deformation smoothing out a node (see, 
for example, [m Lemma ll(ii)]). Suppose now that the point belongs 

to p. We prove statement (2) under condition n = 1, leaving the case n > 1 to the 
reader as a routine generalization with a bit more complicated notations. Denote 
^ := == 7] := — 1. We have three possibilities: 
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Suppose that ^ < rj. In suitable coordinates x,y in a. neighborhood of zi = 
( 0 , 0 ), we have 

ai = y — Xx^ mod = {y + x^ + h.o.t. = 0 }, = {l/ = 0 } , 

where A 7 ^ 0 is generic. Without loss of generality, we can dehne the family 
of arcs (zt, A)te(c,o) by Zt = (f, 0 ), At = {y = A(a: - t)'^ mod m*J (cf. 
Lemma [7]). The ideal from Lemma [7] can be expressed as {y^,yx^~^,x^~^'^). 
Furthermore, by Lemma [71 for any family fl20|) . the curves Cr = n{Cr) ^ \D\ 
are given, in a neighborhood of Zi, by 

y^{l + 0{x, y, c)) + yx^{l + 0{x, c)) + a{c)yx^~^ 

C-2 ?+r;-l 

+ Coi(r)a:* + 0(a:^+^,c) = 0 , (21) 


i=0 


i=0 


where c denotes the collection of variables {cn, 0 < i < ^ — 2, qo, 0 < i < 
.^ + ?7 — 1 }, the functions Cij(r) vanish at zero for all i,j in the summation 
range, and cr(0) = 0. Changing coordinates x = x' + t, where t = <yc(r), we 
obtain the family of curves 


1/^(1 + 0{x\ y, t,c)) + yix')^il + 0{x', t, c)) + a'y{x')^-^ 

$-2 ^+r;-l 

+ Y.^iiyi^'y+ £ c'oiix'y+ t-o{{x'Y+^,t,c) = 0, 


( 22 ) 


i=0 


i=0 


where 


4i 


C'il 


a' 


* ((i) + ^(^)) + ^(^^ * = 0; •••)'C ~ 2, 

= En>0 (*7)^“c+.,o, ^ = o,...A + v-y 

= a + t{^ + 0(t,c)). 


(23) 


Next, we change coordinates y = y' + A(x')^ and impose the condition 
{Cr ■ (z^(r), Al<^(r))) > ^ + h) which amounts in the following relations on the 
variables c' = {c^, 0 < i < ^ — 2, c'g, 0 <i<^ + r 7 — 1}: 


c'io = 0) i = 0 ,...,r/ - 1 , c'o + Ac' 1 =0, i = I, ...,y + ^ - 2, 




_^ + Act' = 0 . 


(24) 


The new equation for the considered family of curves is then 


F{x, y) = {y'f{l + 0{x', y', t, c)) + |/'(x')«(l + 0 (x', t, c)) 

+ (x')^+''(a + 0(x',t, c)) + I/' {Y.iZo c'iiix'y + (t'{x')C^) =0 .(25) 

with some constant a 7 ^ 0. Consider the tropical limit of the family fl25|) (see 
m Section 2.3] or Section 12.ip . The corresponding subdivision of A must 
be as shown in Figure [I](a). Indeed, hrst, c'^i 7 ^ 0, since otherwise the curves 
Cr would be singular at Zt contrary to the general choice of (z*, Alt). Second, 
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no interior point of the segment [( 0 , 1 ), 1 )] is a vertex of the subdivision, 

since otherwise the curves Cr would have a positive genus: the tropicalization 
of Cr would then be a tropical curve with a cycle which lifts to a handle of 
Cr (cf. [TBl Sections 2.2 and 2.3, Lemma 2 . 1 ]). By a similar reason, the limit 
polynomial where 5 is the segment [(0,1), 1)], must 

be the ^-th power of a binomial. The latter conclusion and relations fl22|l and 
fl23|) yield that Np{i, 1) = ^ — i for i = 0,..., ^ and 

~ (Cl + * = 0, — 2, C^^ri-1,0 — ^(c^+77-1,0 + ^$+7?-l,o) > 

where i = 0, ...,^ — 2, and o uniquely determined by the given 

data, the functions c"^, 0 < i < ^ — 2, vanish at zero, and a func¬ 

tion of t and c')^, 0 < i < ^ — 2, that is determined by the given data and 
vanishes at zero too. To meet the condition of rationality of Cr and to hnd 
the functions c'{i{t), 0 < i < ^ — 2, we perform the rehnement procedure 
as described in m Section 3.5]. It consists in further coordinate change 
and tropicalization, in which one encounters a subdivision containing the tri¬ 
angle Conv{(0, 0), (0, 2), (,^, 1)} (see Figure [I](b)). The corresponding convex 
piece-wise linear function N' is linear along that triangle and takes values 
A^'(0, 2) = N'{^, 1) = 0, iV'(0, 0) = ?7 — By [161 Lemma 3.9 and Theorem 5], 
there are ^ distinct solutions {c'hit), 0 < i < ^ — 2} of the rationality relation. 
More precisely, the initial coefficient {c'h)^ is nonzero only for 0 < i < ^ — 2, 
i = ^ mod 2. The common denominator of the values of iV' at these point 
is ^/d, where d = gcd(^,? 7 ), and hence c'h are analytic functions of it 
follows thereby that t = 

• Suppose that ^ = rj- In this situation, the argument of the preceding case 
^ < rj applies in a similar way and, after the coordinate change x = x' + t, 
y = y' + A(a;')^, leads to equation fl25]) . whose Newton polygon is subdivided 
with a fragment Conv{(0,1), (0, 2), (2.^, 0)} on which the function Np is linear 
with values Nf{0,2) = Nf{2^,0) = 0, iVi7’(0,1) = By Lemma [21 we get ^ 
solutions {c'iiit), i = 0, ...,^ — 2}, which are analytic functions of t. Then, in 
particular, t = r. 

• Suppose that ^ > rj. In suitable coordinates x,y in a. neighborhood of Zi = 
( 0 , 0 ), we have 

ai =y mod = {v + -|- = 0 }, = {?/ -f = 0 } , 

where A 7 ^ 0. Without loss of generality, we can dehne the family of arcs 
(zt, A)iG(c,o) by 2:4 = (0,0), At = {y = tx^^ mod m*J (cf. Lemma E]). 
The ideal from Lemma [7] can be expressed as {y'^, yx^, . Thus, by 

Lemma El for any family fl2U]) . the curves Cr = n{Cr) € \D\ are given in a 
neighborhood of zi by 

y^{l + 0(x, y, c)) -I- yx'^{l + 0(x, c)) -|- Ax^'''^(l -|- 0(x, c)) 

r]—l S+f?—2 

-hcr(c)x^+’'"^ -h Cii(r) 2 /x* -h Coj(r)x* = 0 , (26) 

2=0 2=0 
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where c now denotes the collection of variables {cn, 0 < i < r] — 1, Cio, 0 < 
i < ^ + rj — 2}, the fnnctions Cjj(r) vanish at zero for all i,j in the snmmation 
range, and cr(0) = 0. Inverting t = changing coordinates y = y' + 
and applying the condition (Cj- ■ A^(t)) > k + I, we obtain an eqnation of the 
curves Cr in the form 

F{x,y') = {y'f{l + 0{t,x,y',t)) + y'x^{l + 0{t,x,F)) 

ri-l 

+Aa:^+’'(1 + 0(t,x,c')) + X! Cii{t)y'x' = 0 , (27) 

i=0 

where c' = {cji, 0 < i — 1}, and the following relations must hold: 

{ Cio = 0, i = 0, ...,7]- 2, 

do + td-^+1,1 = 0, i = + (28) 

O' + t(l + 0(t, c')) = 0 . 

By Lemma[S](2), g~^(0) 7 ^ 0. The rationality of the curves yields that the 
subdivision S'i? of the Newton polygon of F{x,y') given by fl27)) must contain 
two triangles Conv{(0,1), {rj, 1), (0, 2 )} and Conv{(0,1), {rj, 1), (.^ + 77 , 0)} (see 
Figure [11(d)), and, furthermore, Ff^Jy' must be the rj-th power of a binomial, 
where <5 = [(0,1), [r], 1)] (cf. the argument in the treatment of the case ^ < y 
above). These two conclusions and equations (128|) uniquely determine the 
initial coefficients as well as the values Np{i, 1) = 77 —i for alH = 0,..., 77 — 1, 
and leave the hnal task to hnd the functions c"^(t), 7 = 0,..., 77 — 2, which appear 
in the expansion diit) = 7 = 0, ...,77 — 2 (notice here that 

the last equation in fl28|l allows one to express c”_i i via c'h, i = 0 , ...,77 — 2 ). 
To this extent, we again use the argument of the case ^ < y, performing the 
rehnement procedure along the edge S = [(0,1), ( 77 , 1 )] (see [HI Section 3.5]) 
and apply the rationality requirement to draw the conclusion: there are exactly 
77 families fl 20 |) . and, for each of them, t = where d = gcd{^, 77 }. 

Statement (2) of Proposition is proven. ■ 


2.4 Families of curves and arcs on uninodal del Pezzo sur¬ 
faces 

A smooth rational surface S is called a uninodal del Pezzo surface if there exists 
a smooth rational curve E G T, such that = —2, and —CKp, > 0 for each 
irreducible curve C C S different from E. Observe that EKp, = 0. Denote by 
Pic+(S,i7) C Pic(S) the semigroup generated by irreducible curves different from 
E. Assume that S is of degree 1 and £x D G Pic+(S, E) such that —DKp^ — 1 > 3. 
Fix positive integers n < —DKy. — 1 and s ^ -DK-p — 1. 

Accepting notations of Section 12.21 we introduce the set U^'^{D,E) C 
Arc®™(S"') is dehned by the following conditions. For any sequence s = (si,..., s„) G 
Z”q summing up to |s| < s and for any element {z,A) G U'‘'^{D,E), where 


21 






(b) 




Figure 1: Tropical limits 


z = {zi,...,Zn) e E"-, z n E = (/), A = a* e Arc 5 (S,Zj), the family 

D, s, z, A) is empty if |s| > —DK^, and is finite if |s| = —DK^ — 1. Fur¬ 
thermore, in the latter case, all elements [n : —)■ S,p] G Mo^nC^, D, s, z, A) are 

represented by immersions n : —)■ E such that n*{ai) = SiPi, 1 < i < n, and 

n*{E) consists of DE distinct points. 

Proposition 11 The set W"^{D,E) is Zariski open and dense in Arc®™(E"’). 

Proof. The statement that W"^{D) is Zariski open and dense in Arc®™(S"') 
can be proved in the same way as Proposition |H]^1). We will show that W^{D,E) 
is dense in W^{D), since the openness of W^{D, E) is evident. For, it is enough to 
show that any immersion n ; P^ —)■ E such that n*(P^) = D can be deformed into 
an immersion with an image transversally crossing E at DE distinct points. 

Suppose, hrst, that a generic element [n : P^ —)■ E] G D) is such 

that the divisor n*{E) C P^ contains an m-multiple point, m > 2. Since 
dim Alo,o(^)-D) = —DKy. — 1 > 3, we £x the images of —DKj] — 2 points pj, 
i = 1,—DKj:, — 2, obtaining a one-dimensional subfamily of Alo,o(E,/l), for 
which one derives a contradiction by Lemma [3]^iii): 

> {D^ + DKj: + 2) + {-DKj: - 2) + {m - 1) = D^ + m - 1 > D^ . 

Hence, for a generic [n : P^ ^ E] G Alo,o(E,il), the divisor n*{E) consists of DE 
distinct points. Suppose that m > 2 of them are mapped to the same point in E. 
Fixing the position of that point on E, we dehne a subfamily V C Alo,o(E,il) of 
dimension 

dim V > dim Alo,o(E, D) — 1 = —DKj: — 2 > 2 . 
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As above, we fix the images of —DKj] — 3 additional point of and end up with a 
contradiction due to Lemma [3](ii): 

£)2 > p 2 ^ ^ 2) + {-DK^ -3)+m = D^ + m-l>D^ ■ 

Let X —)■ (C, 0) be a smooth fiat family of smooth rational surfaces such that 
jCo = S is a nodal del Pezzo surface with the (—2)-curve E, and Xt, t ^ 0, are 
del Pezzo surfaces. We can naturally identify Pic(X 4 ) ~ Pic(S), t G (C, 0). Fix a 
divisor D G Pic+(S, E) such that —DKj^ — 1 > 3. Given n > 1 and s ^ —DKy, — 1, 
fix a vector s G such that |s| = —DKj: — 1- Denote by Aicf^^X) —)■ j£ —)■ 
(C, 0) the bundle with fibres Aicf^^Xt), t G (C, 0). Pick n disjoint smooth sections 
zi, ...,Zn ■ (C, 0) ^ X covered by n sections ai,: (C, 0) —)■ Arc®“(X) such that 
( 2 ( 0 ), ^(0)) G D*™(S,E), and {z{t),A{t)) G t/*"^(Xf), t ^ 0. 

Proposition 12 Each element [z/ : C* ^ S,p] G Alo,n(D, D, s, z(0), ^(0)) such 
that 

• either C ~ or C = C U E-^VJ ... U Ek for some k > 1, where C" ~ F'l ~ 

... ~ ~ P^, EiHEj = 0 for all i ^ j, and jf{C' HEf) = 1 for all f = 1,..., k; 

• p C C' and [u -. C' ^ S, p] G Alg™ (S, D — kE, s, 2 ( 0 ), ^(0)), and each of the 
Ei is isomorphically taken onto E; 

extends to a smooth family [vt : Ct —)■ Xt,z{t)] G Ado,n(Xi, D, s, 2 (f), ^(f)), t G 
(C, 0), where Ct — P^ and Vt is an immersion for all f 7 ^ 0, and, furthermore, each 
element of Aio^niXt, D, s, z{t), A{t)), t G (C, 0) \ {0} is included into some of the 
above families. 

Proof. The statement follows from [TSl Theorem 4.2] and from Proposition 
[m which applies to all divisors D — kE, since —{D — kE)Kj: = —DKj: for any k. 


3 Proof of Theorem [T] 

By blowing up additional real points if necessary, we reduce the problem to consid¬ 
eration of del Pezzo surfaces X of degree 1. 

(1) To prove the first statement of Theorem [T] it is enough to consider only del 
Pezzo surfaces satisfying property (GDP) introduced in Section [^751 1 cf. [TTl Lemma 
17]) and real divisors satisfying —DKx — 1 > 3 (cf. Remark [T](l)). So, let a real del 
Pezzo surface X satisfy property (GDP) and have a non-empty real part. Let E C 
MX be a connected component. Denote by Vr,m{X, E) the set of sequences {z,w) 
of n = r + 2m distinct points in S such that 2 is a sequence of r points belonging 
to the component E C MX, and w is a. sequence of m pairs of complex conjugate 
points. Fix an integer s S> —DKx and denote by MArc®™(X, F, r, m) C Arc®™(X”) 
the space of sequences of arcs {A,B) centered at (z,w) G Vt,m{X,E) such that 
A = («!, ...,ar) is a sequence of real arcs at G ArCs(X, 2 ^), Zi E z, i = 1, ...,r, and 
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B = f3m, (^m) is a sequence of m pairs of complex conjugate arcs, where 

Pi e ATCs{X,Wi), Pi e ArCs(X,MJi), i = 1, and w = {wi,wi, ...,Wjn,Wm)- 

We join two elements of MArCs(X, F, r, m) n W"^{D) by a smooth real analytic 
path n = {{zt,Wt), {At,Bt)}te[o,i] in MArCs(X, F, r, m) and show that along this 
path, the function W{t) := W{X, D, F, 9 ?, (fc, 1), {zt, Wf), {At, Bt)), t G [0,1], remains 
constant. By Propositions 181 and fTOl we need only to verify the required constancy 
when the path If crosses sets Up^{D), Up'^^{D), 172*”^(F), U'^^{D), and U^^^{D) at 
generic elements of their components of codimension 1 in Arc®™(X”). Let t* G (0,1) 
correspond to the intersection of fl with some of these walls. 

If is clear that crossing of the wall Up^{D) fl MArCs(X, F, r, m) does not affect 

W{X,D,F,if,{k,l),{zt,Wt),{At,B)t). 

The constancy of W{t) in a crossing of the wall Ui^^^{D) n MArCs(X, F, r, m) 
follows from Proposition [8]^3) and [HI Lemmas 13(2), 14 and 15]. The transversality 
hypothesis in m Lemma 15] can be proved precisely as [TTl Lemma 13(1)]. 

The constancy of W{t) in a crossing of the wall U 2 ^^{D) n MArCs(X, F, r, m) 
follows from Proposition [H](4) and Lemma 01 

The constancy of W{t) in a crossing of the wall U"^^{D) fl RArCs(X, F, r, m) 
follows from Propositions [H](5) and [9l Indeed, by Proposition [9] exactly one real 
element of the set A4o,n{X, D, {k, 1), {zt, Wt), {At, Bp) undergoes a bifurcation. Fur¬ 
thermore, the ramihcation points of the degenerate map n : ^ X are complex 

conjugate. Hence, the real part of a close curve doubly covers the real part of 
C = n(P^), which means that the number of solitary nodes is always even. 

At last, the constancy of W{t) in a crossing of the wall U''^^{D) fl 
MArCs(X, F, r, m) we derive from Proposition fTOl Notice that the points pi G C* 
and Zi G X must be real, and hence the cases (lii) and (liii) are not relevant, since 
we have the lower bound —kD'Kx > 2k > A contrary to ([ 5 ]). In the case (li) we 
use Proposition [TUf 21: 

• if j? n n = 0, then the germ of the real part of the family fl2UI) is 
isomorphically mapped onto the germ (M, t*) so that the central curve deforms 
by smoothing out a node both for t > t* and t <t*, and hence W{t) remains 
unchanged; 

• if p n n = {pi}, then pi G P^ and Zi E X must be real, and hence 
^ + p must be odd, in particular, d = gcd{.^,r 7 } is odd too, where ^ 

p = if K = min{^, p} is odd, then the real part of each real family (120]) is 
homeomorphically mapped onto the germ (R, t*), and, in the deformation of 
the central curve both for t > t* and t < t*, one obtains in a neighborhood of 
Zi an even number of real solitary nodes, which follows from Lemma [2](2); if k 
is even, then either the real part of a real family fl2U]) is empty, or the real part 
of a real family fl2U]) doubly covers one of the halves of the germ (R, t*), so that 
in one component of (R,f*) \ {f*} one has no real curves in the family (l20l) . 
and in the other component of (R, t*) \ {t*} one has a couple or real curves, 
one having an odd number k — 1 real solitary nodes, and the other having 
no real solitary nodes (see Lemma [2](2)), and hence W{t) remains constant in 
such a bifurcation. 
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( 2 ) By [TTl Proposition 1 ], in a generic one-dimensional family of smooth ra¬ 
tional surfaces of degree 1 all but finitely many of them are del Pezzo and the 
exceptional one are uninodah Hence, to prove the second statement of Theorem [T] 
it is enough to establish the constancy of 

W{t) = D, F„ if, {k, 1), (z(f), w{t)), Bit))) 

in germs of real families X (C, 0) as in Proposition [T21 where the parameter is 
restricted to (M, 0) C (C, 0). It follows from Proposition WI\ that the number of the 
real curves in count does not change, and real solitary nodes are not involved in the 
bifurcation. Hence Wit) remains constant. 

4 Examples 

We illustrate Theorem [T] by a few elementary examples. Consider the case of plane 
cubics, for which new invariants can easily be computed via integration with respect 
to the Euler characteristic in the style of [H Proposition 4.7.3]. 

Let Ti -|- 3 r 3 -|- 2(mi -|- 2 m 2 -|- 3 m 3 -|- 4 m 4 ) = 8 , where mi, m 2 , m^, m^ > 0. 
Define integer vectors fc = (ri x l,r 3 x 3), Z = (mi x l,m 2 x 2 ,m 3 x 3 ,m 4 x 4). 
Denote by L the class of line in Pic(P^). Then 


W(P^3L,(fc,Z)) =ri-r3 . 


As compared with the case of usual Welschinger invariants, in the real pencil of 
plane cubics meeting the intersection conditions with a given collection of arcs, in 
addition to real rational cubics with a node outside the arc centers, one encounters 
rational cubics with a node at the center of an arc of order 3. Notice that this real 
node is not solitary since one of its local branches must be quadratically tangent to 
the given arc. We also remark that, in a similar computation for a collection of arcs 
containing a real arc of order 2, one also encounters rational cubics with a node at 
the center of such an arc, but this node can be solitary or non-solitary depending 
on the given collection of arcs, and hence the count or real rational cubics will also 
depend on the choice of a collection of arcs. 

Of course, the same argument provides formulas for invariants of any real 
del Pezzo surface and D = —K, or, more generally, for each effective divisor with 
PaiD) = 1 . 

We plan to address the computational aspects in detail in a forthcoming paper. 


Acknowledgements 

The author has been supported by the grant no. 1174-197.6/2011 from the German-Israeli 
Foundations, by the grant no. 176/15 from the Israeli Science Foundation, and by a grant 
from the Hermann-Minkowski-Minerva Center for Geometry at the Tel Aviv University. 


25 


References 


[1] D. Abramovich and A. Bertram. The formula 12 = 10 + 2 x 1 and its generaliza¬ 
tions: counting rational curves on F 2 . Advances in algebraic geometry motivated 
by physics (Lowell, MA, 2000), Contemp. Math., 276. Providence, RI. Amer. 
Math. Soc., 2001, 83-88. 

[2] E. Brieskorn and H. Knorrer, Plane algebraic curves. Birkhauser, Basel, 1986. 

[3] E. Brugalle. Floor diagrams relative to a conic, and GW-W invariants of Del 
Pezzo surfaces. Advances in Math. 279 (2015), 438-500. 

[4] A. Degtyarev and V. Kharlamov. Topological properties of real algebraic vari¬ 
eties: Rokhlin’s way. Russ. Math. Surveys 55 (2000), no. 4, 735-814. 

[5] P. Georgieva and A. Zinger. Enumeration of Real Curves in 

and a WDVV Relation for Real Gromov-Witten Invariants. Preprint at 
arXiv: 1309.4079, 

[6] P. Georgieva and A. Zinger. A recursion for counts of real curves in CCP^"'~^: 
another proof. Preprint at arXiv:1401.1750. 

[7] T. Graber, J. Kock, and R. Pandharipande. Descendant invariants and charac¬ 
teristic numbers. Amer. J. Math. 124 (2002), no. 3, 611-647. 

[8] G.-M. Greuel, G. Lossen, and E. Shustin. Introduction to singularities and de¬ 
formations. Springer, Berlin, 2007. 

[9] D. A. Gudkov, and E. I. Shustin. On the intersection of the close algebraic curves. 
Topology (Leningrad, 1982), Lecture Notes in Math., vol. 1060 , Springer, Berlin, 
1984, pp. 278-289. 

[10] I. Itenberg, V. Kharlamov, and E. Shustin. Welschinger invariants of real Del 
Pezzo surfaces of degree > 3. Math. Annalen 355 (2013), no. 3, 849-878. 

[11] I. Itenberg, V. Kharlamov, and E. Shustin. Welschinger invariant revisited. 
Preprint at arXiv:1409.3966, 

[12] I. Itenberg, V. Kharlamov, and E. Shustin. Welschinger invariants of real del 
Pezzo surfaces of degree > 2. International J. Math. 26 (2015), no. 6, DOI: 
10.1142/S0129167X15500603. 

[13] I. Itenberg, V. Kharlamov, and E. Shustin. Relative enumerative in¬ 
variants of real nodal del Pezzo surfaces. Preprint, 2014 (available at 
http://www.math.tau.ac.il/~shustin/math/t2.pdf). 

[14] R. Rasdeaconu and J. Solomon. Relative open Gromov-Witten invariants, un¬ 
published. 

[15] E. Shustin. On manifolds of singular algebraic curves. Selecta Math. Sov. 10 
(1991), no. 1, 27-37. 


26 


[16] E. Shustin. A tropical approach to enumerative geometry. Algebra i Analiz 17 
(2005), no. 2, 170-214 (English Translation: St. Petersburg Math. J. 17 (2006), 
343-375). 

[17] E. Shustin. On higher genus Welschinger invariants of Del Pezzo sur¬ 
faces. International Mathematics Research Notices 2015, 6907-6940. DOI: 
10.1093/imrn/rnul48. 

[18] R. Vakil. Counting curves on rational surfaces. Manuscripta Math. 102 (2000), 
no. 1, 53-84. 

[19] J.-Y. Welschinger. Invariants of real rational symplectic 4-manifolds and lower 
bounds in real enumerative geometry. C. R. Acad. Sci. Paris, Ser. I, 336 (2003), 
341-344. 

[20] J.-Y. Welschinger. Invariants of real symplectic 4-manifolds and lower bounds 
in real enumerative geometry. Invent. Math. 162 (2005), no. 1, 195-234. 

[21] J.-Y. Welschinger. Spinor states of real rational curves in real algebraic convex 
3-manifolds and enumerative invariants. Duke Math. J. 127 (2005), no. 1, 89- 
121 . 

[22] J.-Y. Welschinger. Towards relative invariants of real symplectic four-manifolds. 
Geom. Aspects of Func. Anal. 16 (2006), no. 5, 1157-1182. 

[23] J.-Y. Welschinger. Enumerative invariants of strongly semipositive real sym¬ 
plectic six-manifolds. Preprint at arXiv:math.AG/0509121, 


Address: School of Mathematical Sciences, Tel Aviv University, Ramat Aviv, 
69978 Tel Aviv, Israel. E-mail: shustin@post.tau.ac.il 


27 


